Symmetric qubits from cavity states 
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Two-mode cavities can be prepared in quantum states which represent symmetric multi-qubit 
states. However, the qubits are impossible to address individually and as such cannot be indepen- 
dently measured or otherwise manipulated. We propose two related schemes to coherently transfer 
the qubits which the cavity state represents onto individual atoms, so that the qubits can then be 
processed individually. In particular, our scheme can be combined with the quantum cloning scheme 
of Simon and coworkers [C. Simon et al, Phys. Rev. Lett. 84, 2993 (2000)] to allow the optimal 
clones which their scheme produces to be spatially separated and individually utilized. 

PACS numbers: 03.67.-a, 32.80.Qk 



I. INTRODUCTION 

Experiments using optical and microwave cavities have 
provided a useful testing ground for the foundations of 
quantum mechanics and for demonstrating basic princi- 
ples of quantum information processing Q . One of the 
fundamental consequences of the linearity of quantum 
mechanics is the no-cloning theorem [|[ [|, which states 
that it is impossible to perfectly copy an arbitrary quan- 
tum state. However, approximate copying is possible, 
and universal optimal quantum cloning devices have been 
proposed which produce the best possible copies of an 
arbitrary quantum state [Q. Simon and coworkers have 
proposed ^, ^| a scheme to implement optimal quantum 
cloning in a simple natural way using atoms and a cavity. 

Simon et aFs scheme utilizes stimulated emission from 
atoms in a high finesse cavity, where the quantum bits 
are represented in the state of the two polarization modes 
of the cavity. Excited atoms with Lambda energy level 
configurations are passed through the cavity where they 
emit photons via both stimulated emission and sponta- 
neous emission. The net result of these two processes 
is that the photons produced are copies of the original 
photons, due to the stimulated emission, but are noisy, 
due to the spontaneous emission. Simon and coworkers 
showed that such a process can in fact generate states in 
the cavity which represent optimal clones of the initial 
cavity state. 

However, represented in the state of the cavity, the 
clones are not spatially separate two-level subsystems, 
and can therefore be neither individually addressed nor 
measured, which restricts their usefulness. A suggestion 
is made in || to separate these qubits into polarization 
states of individual photons by using an array of beam- 
splitters. This, however, is not an appealing practical 
proposal for several reasons. To ensure a low probability 
of finding more than a single photon in each output mode, 
one would need to use a large number of beamsplitters 
and many more output modes than the number of cloned 
photons. Each beamsplitter will introduce some noise to 
the photonic qubits, reducing the fidelity of the clones, 
and, in order to localize the photons, one would need to 
perform a polarization-independent non-demolition mea- 
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FIG. 1: The level structure of the three- level atoms utilized 
in this scheme. The levels are in a V-configuration with two 
degenerate excited levels jO) and |1) which form the basis for 
logical qubits, and the ground state \g). The transitions be- 
tween the two excited levels and the ground state each couple 
to a different cavity polarization mode. 



surement of the number of photons in each output mode. 

In this paper we propose two simpler schemes which al- 
low the qubits represented in the cavity state to be trans- 
ferred coherently onto spatially separated qubits, which 
are represented in the energy levels of single atoms. 

This process could then be immediately applied to 
the cavity states produced in Simon et aFs cloning 
scheme. This would produce truly spatially separated 
clones which could be individually addressed. 



II. QUBIT TRANSFER SCHEMES 

In this section we will describe two related schemes to 
transfer qubits represented by a cavity state onto atoms. 
This first scheme is deterministic, i.e., every atom which 
passes through the cavity, will, upon leaving the cavity, 
have absorbed a photon and had a qubit transferred onto 
it. The second scheme, on the other hand, depends on the 
outcome of projective energy measurements on the atoms 
once they have left the cavity, the successful transfer of 
a qubit onto the atom occurs, then, in general, with less 
than unit probability, so this scheme is non-deterministic. 
First, however, we will briefly discuss the way in which 
symmetric multi-qubit states can be represented in atoms 
and a two-mode cavity. 

A symmetric multi-qubit state is a state which is in- 
variant under the interchange of any two qubits. The 
symmetric subspace of a n-qubit Hilbert space is spanned 
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by the states \S(j, n — j)) for j e {0, . . . , n}, which are 
the pure symmetric states with j qubits in state |0) and 
(n — j) qubits in state |1). These states are defined and 
discussed further in the appendix. 

Consider a cavity with two modes of orthogonal polar- 
ization, which we shall label and 1. Quantum states 
of the cavity can be expressed in the Fock-basis of the 
two modes. If the total number of photons in the cavity 
is definite, there is a natural correspondence between n- 
photon cavity states and symmetric n-qubit states. Let 
us consider the cavity Fock state \j, n — j), the state 
where modes and 1 contain j and n — j photons re- 
spectively, as representing the n-qubit symmetric state 
\S(j,n — j)). Since all basis states of the symmetric n- 
qubit subspace can be represented, any arbitrary sym- 
metric n-qubit state can be represented in the cavity. 

Additionally, qubits can be represented in the energy 
levels of atoms. In this paper, we consider three-level 
atoms with a V-configuration of energy levels, that is, 
with two degenerate excited states and a single ground 
state, as illustrated in figure @. We will use the excited 
subspace of the atoms to represent qubits, and thus label 
the excited states |0) and |1) to make this clear. The 
ground state is labeled \g). We will thus consider the 
atom to be representing a qubit only when its state is 
wholly within this excited subspace. 

In the appendix, in equation ( |A2j ) , a decomposition of 
a general symmetric state in terms of symmetric states 
on qubit subsets is presented. This means that symmet- 
ric states can be represented in a system consisting of a 
two-mode cavity and a number of atoms, such that each 
atom carries a qubit and the remainder are represented 

- — — [n c ,n a ] 

in the cavity. Let us use the notation, \j, n — j) , 
where n c + n a = n, to refer to the physical state of a cav- 
ity and n a atoms which represents the symmetric state 
\S(j,n — j)), with n a qubits each represented in the ex- 
cited subspace of n a atoms and the remaining n c qubits 
in the cavity state. 

Such a state has the following physical representation 
which we will prove below, 
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where the atoms are labeled Ak, for k £ {1, . . . , n a } and 
where eto and a\ are annihilation operators for modes 
and 1 respectively. 



emerge from the cavity in an excited state, and the quan- 
tum state of the whole system still represents the same 
n-qubit symmetric state as the initial cavity state, but 
now, with one of the qubits represented in the excited 
subspace of the atom. 

While in the cavity field the atoms interact with 
the cavity modes according to the following interaction 
Hamiltonian. The transitions between the excited states 
|0) and |1) and the ground state \g) each couple to a dif- 
ferent cavity mode with the same coupling constant 7 for 
each transition. 



Hi = 



hi (ao|0)(ff| + a 1 \l)(g\ + al\g)(0\ +a\\g)(l\) (2) 



where eto and eti are annihilation operators for modes 
and 1 respectively. 

Let us first consider the simple case where the cavity 
state is initially in a pure Fock state \ j, n—j) representing 
the n-qubit symmetric state \S(j,n — j)). A atom, with 
a V-configuration of energy levels, as described above, 
enters the cavity in its ground state and the initial state 
of the system |-0o) is thus 



lV"o) = Iff) \j, n~j} = Iff) \j, n - j) 
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(3) 



Evolving under Hi, the state of the system undergoes 
Rabi oscillations 
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where |V>i) = ^^\g)\j,n - j 
properties of \ipi), 
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Let us consider the 
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The symmetric n-qubit state which \ j, n—j) represents, 
\S(j, n — j)), can be decomposed according to equation 
(|A2|) in the following way 



A. Deterministic Scheme 

The principle of the deterministic scheme is very sim- 
ple. Atoms, with a V-configuration of energy levels, are 
passed, in their ground state, through the cavity, one 
at a time, such that each remains in the cavity for a 
half integer number of Rabi-oscillations. The atoms will 



\S(j, n - j)) =—(7^(1, 0)) ® \S(j - l,n - j)) 

+ ^~j\S(0, 1)) ® \S(j, n-j- 1))) . 

(6) 

However, 15(1,0)) = |0) and 15(0,1)) = |1). Compar- 
ing this with equation (j^) we see that \ipi) represents the 
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symmetric state \S(j, n—j)) with one of the qubits repre- 
sented on atom Ai , and the cavity state representing the 

[n-1,1] 

remaining (n — 1) qubits. Thus — \j,n — j) 
Thus, we see that if the atom remains in the cavity for 
a half integer number of Rabi periods, then one of the 
qubits of the 77-qubit state which was represented in the 
cavity will have been transferred onto the atom. 

We can show inductively, that if this is repeated with 
further atoms, each time, a further qubit is transferred to 
each atom. Consider the system of a cavity and m atoms, 
which represents the symmetric state \S(j, n — j)) with m 
qubits represented on the atoms and the remainder in the 

- — - [n— m,m] 

cavity, i.e., the system is in the state \ j, n — j) .A 



further atom, which we will label. A 



) ^-(m+l) 



is introduced 



to the cavity and they interact under Hi in the same 
way as described above, except that the Rabi frequency 
is now 2(^Jn — 771)7 as onr y ( n — m) photons remain in 
the cavity. Half way through the Rabi oscillation cycle, 
the system is in the state j^m+i), 
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where the operator Hi acts upon atom A m+ \ and the 
cavity modes. 

We need to know how the cavity mode annihilation op- 

- — - [n—m,,m] 

erators ao and a\ act on \ j, n — j) . We can decom- 

pose state \j, n — j) 



\n — m ■ ra\ 



using equation (A2) in terms 



of symmetric states on m atoms and (77 — m)-photon cav- 
ity states 



") = (n/j)( n , _l) this simplifies to 
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(10) 



Similarly one finds 



\n—m,m\ 



(n — m)(n — j) [n-m-l.m] 

\j,n-j-l) 



We can use this to calculate \ip m +i) 



(11) 
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(|0)^+ 1 )ao + |l) A <"'+ 1 )ai)|j, n-j) 
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+ V^~lW A<m+1) \.h n -j- 1 ) 
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(12) 



Thus, after a m qubits have already been transferred 
from the cavity onto atoms, passing a further atom 
through the cavity, for the appropriate duration, docs 
indeed transfer a further qubit from the cavity onto this 
atom. We can then use induction to find a general way 

[^o^a] 

of expressing \j, n — j) in terms of physical states 

[n,0] 

and operators. Since \j, n — j) = \j, n — j), 



\j, n - j) 



\j - k, (77 - 777) - (j - k)) 
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Since \ j, n — j) = \ j, n — j), we can thus calculate 

- — - [n—m,m] - — - [n— m,m] 

a o \ji n ~ j) an d ai \j, n — j) . For example, 
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® y/j ~ k\j -k-l, (n - 777) - {j - k)). 
Using the fact that {j - k) (™r™) = (n - m) ( n Z™Zl) and 
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\j,n-j). 
(13) 

The scheme also works if the cavity is prepared in a 
mixed state where all the terms in the mixture have the 
same total photon number 77. Such a state will represent 
a mixed 77-qubit symmetric state, i.e., the cavity state 
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;k,n-k\j,n-j){k,n-k\ (14) 



j=0 k=0 

represents the symmetric state p s 

n n 

Ps = E E c 3,n-j;k,n-k\S(j, n - j)) (S(k, n - k)\. (15) 

j=0 k=0 

When an atom enters the cavity, because all terms have 
the same total photon number, the evolution of the sys- 
tem is a simple Rabi oscillation and after half a Rabi 
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period, at time t — (n/2y/n-y), the system is in state p\ 



Hi i \ / i 



— Cj,n-j:k,n-k 
j=0 k=0 



(16) 



Every term in the mixture, is acted upon from both sides 
by Hiy/nhj, which we have shown above to have the 
effect of transferring a qubit from the cavity onto the 
atom. Thus, as desired, 



A . . — ..["-Li],. — >-i-i] 

Pi = 2_^c.],n- d -Mm-k\],n- 3) {J,n-j\ 
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(17) 



where we introduce a notation for mixed states analogous 
to that for pure states, i.e., p^ n <" n ^ is the physical state 
which represents the mixed (n a + n c )-qubit state p such 
that n c qubits are represented in the state of the cavity 
and n a qubits on n a atoms. 

In the same way as shown above for Fock states, one 
can show inductively that repeating this with further 
atoms, such that each remains in the cavity for a half 
integer multiple of the appropriate Rabi period, will, as 
for the Fock states, transfer further qubits from the cavity 
onto the atoms until the cavity has reached the vacuum 
state and all the qubits of the state are represented in 
individual atoms. One finds the following expression for 
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where H^ is the interaction Hamiltonian Hi between 
the cavity and the fc-th atom. 



B. Non-deterministic Scheme 

To implement the scheme described in the previous sec- 
tion it is necessary to know, at each step in the process, 
the total photon number of the cavity state, in order to 
calculate the length of time which each atom should in- 
teract with the cavity. However, the photon number of 
the cavity may not be known or the cavity state may be 
a mixture of states with different total photon numbers. 
For example, the states created by Simon et al's gen- 
eral cloning scheme are mixtures of states representing 



different numbers of optimally cloned qubits. A non de- 
molition measurement of the total number of photons in 
the cavity or a measurement of the energies of the atoms 
used in the cloning process will project the cavity state 
into one of these states. Otherwise, the cavity remains 
in a mixed state. 

We can adapt the scheme described in the previous 
section for these situations by adding a further element 
to the process. If, upon leaving the cavity, the energy 
of each atom is measured, this measurement will project 
the system into one of two outcomes. Either the atom 
is in its ground state and no qubit transfer took place, 
or the atom has been excited and the qubit transfer was 
successful. This works, even if the interaction time is not 
a half integer multiple of the Rabi period, different inter- 
action times merely change the probability of a successful 
qubit transfer and make the scheme non-deterministic. 

To sec this, let us first consider the simple case of a 
cavity in the pure Fock state of the cavity | j, n — j) and 
a single atom. The atom, in the ground state of its V- 
configuration of energy levels, enters the cavity and in- 
teracts with the cavity modes via the interaction Hi as 
described above. A Rabi oscillation occurs and if after 
some time t the system is in general in an entangled 
superposition of states, 



[n,0] 

|V>(r)) = costVrryT) \j,n-j) \g) 



-ism(y/n'yT)\j,n- j) 



[n-1,1] 



(19) 



If the energy of the atom is now measured, the sys- 

[n,0] 

tern will be projected into \j, n — j) \g) where no qubit 
transfer has occurred if the ground state is measured, or 

[n-1,1] 

the state \j, n — j) where one qubit has been suc- 

cessfully transferred to the qubit, if the atom is measured 
to be excited. The probability that a successful transfer 
of a qubit onto the atom will occur is sin 2 ( v / n7r). Since 
the two excited levels |0) and |1) are degenerate, an en- 
ergy measurement will not distinguish these two states, 
thus a qubit state in the (|0),|1)) subspace of the atom 
will be undisturbed by a projective energy measurement. 

As long as one accepts a smaller probability of success, 
in contrast to the deterministic scheme, the interaction 
time need not be finely tuned to a half integer multiple 
of the Rabi period. This allows one of the inconvenient 
aspects of the deterministic scheme to be avoided, namely 
the need to have a different interaction time for each atom 
passing through the cavity, with the trade off that the 
qubit transfer will not be successful each time. 

One can similarly show that this scheme is also ef- 
fective for general mixed states with a fixed total photon 
number, in the same way as for the deterministic scheme, 
since the Rabi frequency of the interaction for all terms in 
the mixture is the same. This non-deterministic scheme, 
however, is successful even if the cavity is in a mixture 
of states with different photon numbers, representing a 
mixture of different symmetric n-qubit states for differ- 
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FIG. 2: These graphs show the results of a numerical sim- 
ulation of the non-deterministic scheme. The upper graph 
shows how the weight of the n-qubit states p„ evolve as atoms 
are passed, one-by-one, through the cavity and their ener- 
gies measured. The initial state of the cavity was a mixture 
of states representing different numbers of optimal clones of 
an initial qubit. At each stage of the process, therefore, the 
atoms which carry qubits are themselves clones of this state, 
and their fidelity at each stage, calculated using equation (^l|) , 
is shown in the central graph. The number of excited atoms 
which have been detected, and thus the number of qubits 
which have been transferred to atoms, is illustrated, for each 
step, in the lower graph. The initial probability distribution 
is binomial, with a maximum photon number of 6 and a min- 
imum of 1. The interaction duration r is set to optimal value 
for these initial probabilities, r = 0. 825/7. 



ent values of n, like the states produced in Simon et aFs 
cloning scheme. 

Consider a cavity in a mixture of states p n , each with 
a different total photon number n and corresponding 
weight p n , and a V-configuration atom prepared in its 
ground state. The state of the system at this time t = 



p(0) = ^2pnp n \g)(g\- 



(20) 



The atom enters the cavity at this time and they in- 
teract. The evolution of the system is governed by the 
unitary operator U(t) = cxp[— \{Hi/fi)t\. Thus p{t) is 



p(t) = U(t)p(0)U\t) 

= Y,P^[ U ^)P'-\9){9\U\t) 



(21) 



Each term in the mixture evolves as described in the 
previous section, oscillating with a Rabi frequency 
dependent upon n, the total photon number of the term, 



between the initial state p n ®\g){g\, and the state plT -1 '^. 
When the atom exits the cavity at time t — r these oscil- 
lations cease, in general, each term will be in a different 
point of the oscillatory cycle. 

The atom's energy is then measured and with proba- 
bility p g = J2 n Pn cos 2 (y / n7r) the atom is found to be 
in its ground state. This means that no photon was ab- 
sorbed and no qubit has been transferred onto the atom. 
Since the terms in the mixture were at different points 
in their oscillation, however, the system is not projected 
back into its initial state, but the weights in the mixture 
change, reflecting the fact that the atomic measurement 
reveals a small amount of information about the total 
photon number in the cavity. The weights p n change 
according to, 



Pn -* Pn 



J2nPn COS 2 (,/n7T)' 



(22) 



Alternatively, 

,2/ 



with probability p e = 
J2 n PnSm 2 (^/njT) = 1 — p g , the measurement re- 
veals that the atom is excited. This means that a photon 
has been absorbed by the atom. The system is now 
projected into a mixture of states, each corresponding 
to the same n-qubit states as before, but with one qubit 
carried by the atom 



= ^PnP 



and with changed weights as follows 



(23) 



(24) 



This state can be interpreted in the following way. 
Each term in the mixture represents a n-qubit state of 
which one qubit is carried on the atom's excited subspace. 
The weights of the mixture have changed to reflect the 
fact that the likelihood of the atom absorbing the photon 
with a particular interaction time is different for different 
photon numbers, thus the measurement outcome gives 
some information about the total number of the cavity, 
and the weights of the terms change accordingly. 

This process is repeated with further atoms, and each 
time, either a further qubit is transferred to the atom, 
or the transfer is unsuccessful. The weights of the terms 
in the mixture change after each repetition. An example 
of this is illustrated in figure |^ for an initial cavity state 
which is a mixture of states with photon numbers from 
1 to 6 with a binomial probability distribution, p n = 

(M)/2 5 , 

Each time, the probability that a successful qubit 
transfer will occur is p e = ^2 n p n sin 2 (^/njr). If the 
probabilities p n are known, and the duration of the inter- 
action t can be controlled, this can chosen so that p e is 
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total photon number of the cavity and m is a natural 
number corresponding to the number of Rabi oscillations 
performed while the atom is in the cavity. 

When the energy of an atom is measured, on leaving 
the cavity, the probability of a successful qubit trans- 
fer is sin 2 (y / n7r), we can therefore calculate the mean 
probability of a successful qubit transfer for a Gaussian 
distribution of r 
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FIG. 3: This graph plots a mcan , the mean number of atoms 
which have passed through the cavity before the system leaves 
the "trapping state", against the relative standard deviation 
in the interaction time, cr re i for m — 1, 2, 3. 



maximized. To carry out the process with maximal effi- 
ciency, this optimal interaction time can be recalculated 
after each measurement to reflect the new weights in the 
mixture. 

Eventually, no excited atoms are detected for many 
repetitions. This can mean either that with high prob- 
ability the cavity is now in its vacuum state or, if the 
interaction time between atoms and cavity is being kept 
constant for each atom, that the system has reached a 
"trapping state" jjj . This is not actually a quantum state 
of the system, but describes the situation when the in- 
teraction time between atom and cavity is very close to 
a multiple of the interaction's Rabi period. This means 
that when the energy of the atom is measured on leaving 
the cavity, the probability of it being excited and corre- 
spondingly the probability of a successful qubit transfer 
is very low. 

The condition for a trapping state is jt = Ttrnf-y/n, 
where m is a natural number and n is the total photon 
number of the cavity. This trapping condition can coin- 
cide for different total photon numbers, for example, for 
all the square numbers n = 1, 4, 9, . . . 

Clearly, the trapping phenomenon is only evident when 
the interaction time for each atom is the same. In prac- 
tice, however, even if the mean velocity of the atoms is 
constant there will be a finite velocity distribution. We 
can show that this leads to a finite probability of suc- 
cessful qubit transfer, even if the mean velocity fulfills 
the trapping condition, and that this probability grows 
with the spread of the velocity distribution. 

Let the state of the cavity be some arbitrary mixed 
state with a definite total photon number n. Atoms pass 
through the atom one at a time with interaction time r. 
Let us consider the case where r has a Gaussian proba- 
bility distribution p{r) with mean time To and standard 
deviation a. The mean interaction time fulfills the trap- 
ping state condition tq = (irm) / '(^^/n), where n is the 
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p(r) sin 2 (y/njr)dT 



(TV27T 



(25) 



Let us use the substitution r' = t — tq and the fact that 
sin 2 (y / n7T) = sin (y^T^r') 



p(n, a) 
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sin 2 (v / n7r')dr' (26) 



This definite integral can be written in the closed form, 
>(n,a) = i(l- e - 2 "^ 2 ) (27) 



Pi 



The mean number of atoms a mea n which must pass 
through the cavity, before a photon is absorbed and the 
system escapes from the trapping state is simply the in- 
verse of this mean probability 



(28) 



p(n,a) 
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Physically, the relative standard deviation a Te \ = <t/to 
is a more meaningful expression of the uncertainty in r 
than the absolute value a, we therefore recast a moa n in 
terms of <7 re i and see that it is independent of n. 



(29) 



1 - e 



We plot this for m = 1,2,3 in figure |3|. The higher 
the value of m, the more rapidly a mcan tends towards 
the limit 2, which is the value of a mcan obtained for a 
uniform probability distribution in r. This means that 
trapping states for high values of m need only a small 
uncertainly in the velocity for them to be easy to escape 
after a small number of repetitions. The trapping states 
with m = 1 are the most robust against uncertainty in 
the interaction time, but a reasonably large uncertainty 
is enough to reduce the number of repetitions needed 
to escape the trapping state to an acceptable value. For 
example, if cr re i is 0.06, the average number of repetitions 
needed to escape a m = 1 trapping state is close to 8. 

If the maximum total photon number of the initial 
state is known, as is the case for the states generated 
in the optimal cloning scheme, trapping states can be 
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FIG. 4: The non-deterministic scheme was simulated nu- 
merically. This graph shows the average quality of the 
atomic qubits produced plotted against the number of con- 
secutive ground state measurements, after which the scheme 
is stopped. The initial cavity states are mixtures of states 
with total photon number n between n = 1 and n = n max 
for n max = 10, 20 and 40. Each state represents the output of 
an optimal 1 — * n doner. Each data-point shows the average 
quality taken over 1000 runs of the simulation for a particular 
cutoff number of ground state measurements. The interaction 
times used were the optimum for each initial state, but were 
held constant for the whole process. 



completely avoided if an appropriate interaction time is 
chosen. If r < (n) / (7i/n ma x) then all trapping states for 
values of n up to n max are avoided. 

As described above, Simon et al's cloning scheme gen- 
erates a mixture of states in the cavity, each of which 
represents the optimal state of m clones from n original 
qubits in the state \ipm) for different values of m. The 
fidelity of the clones in each of these states is a function 
of n and m Hi. 



TP — 
^ n — >m — 



nm + ri + m 
m(n + 2) 



(30) 



Thus the reduced state of a single atomic qubit is a mix- 
ture of clones of different fidelities, and is therefore itself 
a clone of \ipi n ). Its fidelity F atom is simply the average 
fidelity of the terms in the mixture, due to the linearity 
of the trace operation. 



F, 



Patom \tpin) 



= (tp in | Tr 

all other sub-systems 



[>;■<, 



^ ^ Pm-^n — >r 



(31) 



This means that as the scheme progresses, the fidelity 
of the clones on the atoms, changes as the weights in the 
mixture change, and can be higher, at an early stage in 
the process, when fewer qubits have been transferred to 



atoms, than the final fidelity or even the optimal fidelity 
for the final number of qubits which are transferred. Al- 
though this seems rather counterintuitive, this can be 
explained by remembering that the fidelity is a property 
of an ensemble of systems, and thus reflects an average 
of the possible final fidelities, which can indeed be higher 
than the actual final fidelity. 

In the limit of large numbers of repetitions, as long as 
trapping states have been avoided, one term of the orig- 
inal mixture of different numbers of clones will become 
entirely dominant, and the weights of other terms will 
become vanishingly small. All of the qubits represented 
by this term will have been transferred onto atoms, and 
their states will, in the limit of many atoms, converge to 
the optimal fidelity. 

In practice however, one cannot send infinitely many 
atoms through the cavity. A long series of measurements 
of the ground state of atoms leaving the cavity is a good 
indication that the cavity is empty, as long as trapping 
states have been avoided. Thus if one chose to stop the 
process after a cutoff, a certain number of ground state 
measurements, then the fidelity of the qubits would be 
less than optimal due to the small possibility that an- 
other qubit remained in the cavity. To judge, then, what 
a suitable cutoff would be let us define the "quality" of 
the clones as the ratio of the clone fidelity of the atomic 
qubits to the optimal fidelity of that number of clones. 
Numerical simulations of the scheme have shown that a 
high quality can reached for reasonably low cutoff num- 
bers. The average achieved quality as a function of cutoff 
is plotted in figure |^ for different initial probability distri- 
butions. It is dependent both upon the interaction time 
chosen and the probability distribution of the terms in 
the initial cavity state. 



III. CONCLUSION 

We have introduced two related schemes which allow 
one to transfer the symmetric n-qubit state represented 
in the state of a two-mode cavity onto up to n atomic 
qubits, such that all qubits are then represented in sep- 
arate subsystems. This would allow the potentially use- 
ful symmetric states which can be generated in the cav- 
ity, such as the optimally cloned qubits of Simon et aPs 
scheme, to be transferred onto atoms, where they can 
then be individually addressed. 

Both schemes have drawbacks which could cause dif- 
ficulties in their experimental implementation. The pre- 
cise control of the timing of the atom-cavity interactions 
necessary in the deterministic scheme could be realized 
by the application of an external field across the cavity 
mirrors. This would allow one to shift the atomic energy 
levels in and out of resonance with the cavity modes at 
will, and thus achieve the required interaction times. [EJ. 

The projective measurement of the atomic energies 
could be implemented using quantum jump detection 
techniques |l0[ [ll], Q. This would provide a high de- 
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tection efficiency and wouid not destroy the qubit state 
in the measurement process. 

After the atoms have left the cavity, they will still be 
traveling at high velocity, and it would be difficult to 
cool and trap them without destroying the qubit state. 
If, however, a stationary qubit is needed, the atom can be 
passed through a further cavity of the same dimensions, 
in its vacuum state. If the atom interacts with the cavity 
for half the Rabi oscillation period, the qubit is mapped 
onto the cavity, where it is represented in the (|1, 0),|0, 1)) 
basis, in a similar way to the "quantum memory" scheme 
implemented in [T^ |. 

The identification between the states of a two-mode 
cavity states and symmetric qubit states is natural, but 
the chosen correspondence between the Fock basis states 
and the symmetric basis states is not the only one one 
could make, and could be considered to be an arbitrary 
choice. These schemes give a concrete physical justifica- 
tion for this choice. 
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APPENDIX A: SYMMETRIC STATES 

In this appendix we will introduce symmetric n-qubit 
states and discuss a useful way in which they can be 
written in terms of symmetric states on subsets of the 
qubits. 



Let \S(j,n—j))( 1 '"' ,n ^ be a state of a system of n-qubits 
labeled 1 to n, which is completely symmetric under the 
interchange of any two qubits, such that j qubits are in 
state |0) and n — j qubits in state |1). It can be shown 
that this state is unique except for a global phase, which 
is unimportant for this discussion. 

We will thus use the following definition for \S(j, n — 
■■■,«) w hich fulfills the above conditions. 

= J3y E \o) 1 ---\o) j \i) j+1 ---\i) n , 

V v ' permutations . >V v . 

3 n~3 

(Al) 

where the permutations are of the values and 1 with 
respect to the qubit labels. 

In our discussion in section [n], we use the following 
decomposition of symmetric states. Let us divide our n 
qubits into two sets, the first of qubits 1 to m and the 
second the remaining qubits (m+1) to n for some integer 
m between 1 and n— 1. We can write the symmetric state 
\S(j,n — j))( 1 -- ' n ) in terms of symmetric states of each 
of these qubit subsets as follows: 

<g> \S(j - k, (n - m) - (j - fe)))< m+1 '- < n \ 

(A2) 
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